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We study a topological superconductor island with spatially separated Majorana modes coupled
to multiple normal metal leads by single electron tunneling in the Coulomb blockade regime. We
show that low-temperature transport in such Majorana island is carried by an emergent charge-e
boson composed of a Majorana mode and an electron from the leads. This transmutation from
Fermi to Bose statistics has remarkable consequences. For noninteracting leads, the system flows to
a non-Fermi liquid fixed point, which is stable against tunnel couplings anisotropy or detuning away
from the charge-degeneracy point. As a result, the system exhibits a universal conductance at zero
temperature, which is a fraction of the conductance quantum, and low-temperature corrections with
a universal power-law exponent. In addition, we consider Majorana islands connected to interacting
one-dimensional leads, and find different stable fixed points near and far from the charge-degeneracy
point.
PACS numbers: 74.20.Rp, 74.20.Mn, 74.45.+c
Majorana modes are an unusual type of quasiparti-
cles in topological superconductors, consisting of local-
ized electron and hole excitations in an equal superposi-
tion [1–3]. The presence of spatially separated Majorana
modes in a macroscopic topological superconductor gives
rise to degenerate ground states that are locally indistin-
guishable and topologically protected. In a mesoscopic
superconductor island with Majoranas (a Majorana is-
land), however, these ground states partially split into
two charge-parity sectors with the total number of elec-
trons being even and odd respectively; this energy split-
ting is unrelated to Majorana mode hybridization, but
comes from the charging energy and can be tuned by a
gate voltage [4, 5]. This tunability enables electric con-
trol of Majoranas as well as new schemes of braiding and
quantum computation based on mesoscopic topological
superconductor devices [6–13].
The interplay between Majorana modes and charging
energy gives rise to a variety of topological quantum phe-
nomena at the mesoscopic scale. One example is trans-
port through a topological superconductor island with
two spatially separated Majorana modes, each connected
to a normal metal lead by electron tunneling [4, 14, 15].
Theory [4] predicts that an unusual resonant tunneling
process involving two distant Majoranas gives rise to a
phase-coherent charge-e transport dubbed electron tele-
portation, exhibiting a conductance peak when the is-
land is at a charge-degeneracy point. In a recent ground-
breaking experiment [16] on proximitized nanowires un-
der a magnetic field —a promising platform for topolog-
ical superconductivity [17–20], 1e-periodic zero-bias con-
ductance through the superconducting island has been
observed in the Coulomb blockade regime, providing ex-
perimental support for electron teleportation via Majo-
rana modes.
In this work, we study multi-terminal charge transport
through a Majorana island connected with M > 2 leads,
each tunnel coupled to a Majorana zero mode, as shown
in Fig. 1. We assume these Majoranas are far apart and
have vanishing wavefunction hybridization. The charge
on the island is tuned by a gate voltage. This type of
Majorana islands have recently been fabricated [21, 22]
and attracted considerable interest.
Our study is also motivated by recent theoretical
breakthroughs [23–36], especially the seminal works of
Be´ri-Cooper [23] and Altland-Egger [24], predicting a
“topological Kondo effect” in the Coulomb valley regime
where the charge of the topological superconductor island
is fixed. Under this condition, the Majorana degrees of
freedom are constrained to be in a given fermion parity
sector and collectively form a SO(N) impurity “spin”,
which interacts with bosonic excitations in the leads.
Remarkably, this interaction gives rise to a non-Fermi-
liquid fixed point without fine tuning. However, since the
Kondo temperature is exponentially small, the intriguing
phenomena associated with the topological Kondo fixed
point is only accessible at very low temperature [29].
Our work focuses on charge transport in multi-terminal
Majorana islands in the vicinity of the charge-degeneracy
point, which until now has not been studied. At this
point, the charge on the island fluctuates between N0 and
N0 +1 as electrons tunnel in and out of it. Consequently,
the conductance at high temperature exhibits a Coulomb
blockade peak on resonance, and the Majorana degrees of
freedom are unconstrained but correlate with the charge
parity [4, 5]. Since charging energy permits only two
charge states on the island, tunneling events at different
leads are interrelated.
As we show, due to high-order tunneling processes that
build up quantum coherence, the system flows from the
unstable weak-tunneling regime to the strong-coupling
regime. We find that the strong-coupling limit of Majo-
rana islands connected with electron leads is described
by a non-Fermi liquid fixed point, which is stable against
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FIG. 1: (a) Device schematics: a topological superconductor
island with spatially-separated Majorana modes coupled to
M normal leads. A gate voltage Vg tunes the charge on the
island. (b) A possible realization of our setup with M = 4 us-
ing nanowires coated with a superconducting layer (blue). An
external magnetic field drives each proximitized wire into a
topological superconductor phase hosting two Majorana mods
at the ends, which are separated from the normal leads (or-
ange) by a tunnel junction (black).
gate voltage detuning away from the charge-degeneracy
point and anisotropy of tunnel couplings between the is-
land and the leads. The zero-temperature conductance
at this fixed point is universal and a fraction of the con-
ductance quantum,
Gii = −2(M − 1)e
2
Mh
Gij =
2e2
Mh
, for i 6= j (1)
where Gij relates the voltage on lead j to the current
in lead i via the relation Ii =
∑M
j=1GijVj . Further-
more, the low-temperature correction to the conductance
has a power-law temperature dependence with a univer-
sal exponent 2(M − 2)/M . Importantly, at the charge-
degeneracy point, the crossover from high-temperature
Coulomb blockade regime to the universal conductance
Eq. (1) occurs at a temperature which is parametrically
higher than the Kondo temperature in the Coulomb val-
ley regime, see Fig.2. This greatly facilitates experimen-
tal observation of the non-Fermi liquid behavior and the
universal conductance associated with electron telepor-
tation in multi-terminal Majorana islands.
The Majorana nature of zero modes in the island is
essential for the interesting physics described here. As
we will show explicitly, Majoranas bind with electrons
in the leads to create a new type of emergent particle—a
charge-e boson, which governs conduction through the is-
land at low temperature. Because of this transmutation
from Fermi to Bose statistics, a Majorana island con-
nected with electron leads becomes equivalent to a par-
ticle interacting with bosonic reservoirs and undergoing
quantum Brownian motion. This mapping then allows
us to completely solve the problem of Majorana islands
using a known strong-weak coupling duality [37].
Model.– Our multi-terminal Majorana island setup,
shown in Fig. 1, is described by the Hamiltonian H =
Hleads +Hisland +HT. The superconducting island is ca-
pacitively coupled to a gate which determines its charging
energy Ec and average occupancy ng as
Hisland = Ec
(
Nˆ − ng
)2
. (2)
Here Nˆ is the electron number operator of the island.
Importantly, due to the presence of zero-energy Majorana
modes, the topological superconductor island admits an
odd number of electrons on equal footing with an even
number of electrons, without paying the energy cost of
the superconducting gap (which is assumed to be the
largest energy scale). Hence, the electron number N is
allowed to be either even or odd.
The island is coupled to the leads via single-electron
tunneling described by [4]
HT =
M∑
j=1
tjψ
†
j (0)γje
−iθˆ/2 + H.c., (3)
where ψ†j (0) creates an electron at the end of lead j.
γ1, ..., γM are Majorana mode operators with the defining
property
γ†j = γj , {γi, γj} = 2δij . (4)
These Majorana modes are assumed to be far apart with-
out direct coupling. The superconducting phase θˆ is con-
jugate to the electron number Nˆ , with the commutation
relation [θˆ, Nˆ ] = 2i, so that e±iθˆ/2 changes the number of
electrons in the island by ±1. As a single electron tunnels
in (out of) the island from (to) the leads, the tunneling
operator Eq. (3) simultaneously flips the fermion parity
of the island—which is encoded in Majorana degrees of
freedom—and changes the charge on the island by ±e.
We specialize to the case where Ec dominates over both
the temperature T and the level broadening induced by
coupling to leads Γ =
∑
j Γj =
∑
j ρt
2
j , where ρ is the
density of states at the leads. Then, for the range of gate
voltages corresponding to N0 < ng < N0 + 1, only two
charge states with N = N0 and N0 +1 are relevant at low
energy. We denote these two charge states by a pseudo-
spin σz = ∓1, and project the full Hamiltonian H to the
low-energy Hilbert space to obtain
H = Hleads +
M∑
j=1
(
tjψ
†
jσ
−γj + H.c.
)
+ ∆gσ
z, (5)
3where 2∆g ≡ 2Ec(N0−ng + 1/2) is the energy difference
of the two charge states.
At high temperatures (yet lower than Ec), the con-
ductance through the Majorana island exhibits a reso-
nance peak as the gate voltage is swept across the charge-
degeneracy point ∆g = 0. Near this point and to leading
order in tunnel coupling, the conductance peak is de-
scribed by conventional sequential tunneling through an
impurity level [7]:
Gij =
e2
h
Γi (Γj/Γ− δij)
4T cosh2(∆g/T )
. (6)
Coherent tunneling processes due to the Majorana modes
manifest themselves in higher-order corrections in Γ/T ,
and thus the crossover into the strong-coupling limit oc-
curs at T ∼ T ∗ ≡ Γ (see Fig. 2).
Statistical Transmutation.– To obtain the multi-
terminal conductance at low temperature requires a non-
perturbative strong-coupling analysis. First, without
loss of generality, we model the noninteracting electrons
in the leads as chiral fermions moving in infinite one-
dimensional wires:
Hleads =
1
2pi
M∑
j=1
∫ ∞
−∞
dx vψ†j i∂xψj , (7)
where ψ†j at different leads anticommute,
{ψ†i (x), ψ†j (x′)} = {ψ†i (x), ψj(x′)} = 0 for i 6= j.
We note that the tunneling operator shown in Eqs. (3)
and (5) involves a product of an electron operator (ψ†j
or ψj) and the self-adjoint Majorana operator γj . Such
bilinear operators defined at different leads are bosonic
and mutually-commuting,
[ψ†i (x)γi, ψ
†
j (x
′)γj ] = [ψ
†
i (x)γi, ψj(x
′)γj ] = 0, (8)
for i 6= j. This all-commuting condition allows us to
bosonize {ψ†j (x)γj} into M independent chiral boson
fields:
ψ†j (x)γj ∼ eiϕj(x), j = 1, ...,M. (9)
Details of this bosonization procedure can be found in
the appendix.
After bosonization the imaginary-time action describ-
ing the leads is given by:
Sleads =
1
4pi
M∑
j=1
∫ ∞
−∞
dx
∫
dτ∂xϕj(v∂xϕj− i∂τϕj), (10)
and the tunneling term at x = 0 becomes
ST =
M∑
j=1
∫
dτ tje
iϕj(0,τ)σ− + H.c.. (11)
We have thus made an exact transformation mapping
the problem of electron tunneling between a Majorana
Gij
2e2
Mh
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FIG. 2: The conductance of multi-terminal Majorana islands
(M ≥ 3) between any two normal leads as a function of gate
voltage is plotted for various temperatures. At high tem-
perature, the conductance shows a Coulomb blockade peak
near the charge-degeneracy point ng = 1/2, see Eq. (6). At
low temperatures T  T ∗ the conductance takes a universal
form, Eq. (17), and approaches the universal conductance 2e
2
Mh
at T = 0. Conductance curves at intermediate temperatures
are interpolations between the two limits. The inset shows
the strong dependence of the crossover temperature T ∗ on
the gate voltage: it is maximal and of the order of the level
broadening Γ at the Coulomb peak (ng = 1/2), and becomes
exponentially small in the Coulomb valley, corresponding to
the Kondo temperature.
island and leads to a problem of boson hopping between
an impurity level and reservoirs. This transformation is
enabled by the presence of Majorana modes, which bind
with electrons in the leads to form charge-e bosons. To
appreciate the importance of Majorana-enabled statisti-
cal transmutation, it is instructive to compare and con-
trast teleportation through Majorana islands with reso-
nant tunneling through a single-particle energy level in
a quantum dot. In both cases, the charge on the is-
land or the dot fluctuates between two values differing by
1e. Consider the sequence of successive tunneling events
shown in Fig. 3 that exchanges two electrons on lead 1
and 3 via lead 2. The amplitude of this exchange process
in a perturbative expansion in powers of the tunneling
operator is negative for resonant tunneling in a quantum
dot as expected for such free fermion problem. However,
by a straightforward calculation using Eq. (5), one finds
this amplitude is positive for teleportation in Majorana
islands, showing that the effective charge carrier here is
a boson. This comparison explains why the bosonized
action for Majorana islands, Eq. (11), does not apply
to resonant tunneling through an energy level; the lat-
ter problem involves Klein factors necessary for keeping
track of electron’s Fermi statistics [39]. We note that ex-
change processes are present only for setups with more
than two leads. Therefore, electron teleportation in two-
terminal Majorana islands [4] is a special case where the
effect of statistical transmutation is nulled.
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FIG. 3: A sequence of six successive tunneling events that
exchanges two electrons on leads 1 and 3 via lead 2. The am-
plitude of this process is positive for electron teleportation in
a Majorana island, unlike the negative sign for resonant tun-
neling into a single-particle state. This sign change demon-
strates that the effective charge carrier is bosonic rather than
fermionic.
Mapping to quantum Brownian motion.– We start the
strong-coupling analysis by studying Majorana islands
at the charge-degeneracy point ∆g = 0 and with equal
tunnel couplings to all leads: t1 = t2 = ... = tM ≡
J⊥. The bosonized action in Eqs. (10) and (11) is then
equivalent to the action of quantum Brownian motion
(QBM) of a particle in a periodic potential, as shown by
Yi and Kane [37]. To see this mapping, we integrate out
the degrees of freedom away from x = 0 in the leads to
obtain a 0 + 1-dimensional action in terms of the boson
phase fields (ϕ1, ..., ϕM )|x=0 ≡ ~ϕ, given by S = S0 + ST
where
S0 =
1
(2pi)2
∫
dω|ω||~ϕ(ω)|2, (12)
describes the leads, and
ST = J⊥
∑
j
ei
√
2~ϕ·~R(j)0 σ− + H.c, (13)
describes the tunneling between the leads and the island.
Here ~R
(j)
0 is a M -dimensional vector whose j-th com-
ponent is 1√
2
and other components are all zero, so that
~ϕ· ~R(j)0 = ϕj(0)/
√
2. We have included the normalization
factor
√
2 in Eq. (13) so that the scaling dimension of ST
is equal to |R0|2 = 12 (for more details see Appendix).
We now identify ~ϕ as the momentum of a particle
coupled to a dissipative bath. The number of charges
carriers in the leads (n1, ..., nM )—which is conjugate
to ~ϕ—corresponds to the particle’s coordinate ~r. For
small J⊥, the action S describes QBM of this particle
in a strong periodic potential, whose minima are located
at
∑M
j=1 nj · (
√
2~R
(j)
0 ). Specifically, S0 determines the
amount of dissipation, and ST , being a translation op-
erator, generates a small probability of particle hopping
between two adjacent potential minima connected by the
lattice vector ~R0.
0 0.3333 0.6667
Jz
J? n1 n2
n3
M
1/0 M/2
FIG. 4: Renormalization group (RG) flow in the weak-
coupling regime showing a Toulouse-like limit at J∗z = 1/M .
There, the bosonized action for electron teleportation in Ma-
jorana islands Eq. (15) is equivalent to quantum Brownian
motion on the M − 1 dimensional honeycomb lattice (shown
for M = 3 in the inset), whose sites correspond to allowed
charge configurations of the leads.
In our setup, the sum of all charges on the leads
∑
j nj
may only fluctuate by 1 due to charge conservation and
the restriction of two allowed charge states N0 and N0+1
on the island. This implies that the Brownian particle is
only allowed to hop on two adjacent lattice planes per-
pendicular to the direction Rˆ⊥ = 1√M (1, 1, ..., 1). For
M = 3, the potential minima of the Brownian parti-
cle form a corrugated honeycomb lattice, consisting of
two triangular sublattices, as illustarted in Fig. 4. For
M > 3, the particle hops on the generalization of cor-
rugated honeycomb lattices in M − 1 dimensions. The
two sublattices correspond to σz = ±1, hence the parti-
cle hopping described by Eq. (13) alternates between the
two sublattices.
For noninteracting electron leads, the hopping oper-
ator Eq. (13) has a scaling dimension given by |R0|2 =
1/2 < 1, which is relevant at the disconnected fixed point
J⊥ = 0. Thus the strong potential limit of QBM, de-
scribed in terms of particle hopping between deep poten-
tial minima, is unstable and flows under RG to a different
fixed point.
To identify this new fixed point, we first note that be-
fore integrating out degrees of freedom in the leads, a
new term v2Jzσ
z
∑
j ∂xϕj(x)δ(x) is generated in the RG
process. The perturbative RG equations for the two cou-
pling constants J⊥ and Jz are:
dJz
dl
= J2⊥(1−MJz),
dJ⊥
dl
=
1
2
J⊥ + J⊥Jz[1− (M/2)Jz]. (14)
The resulting RG flow, plotted in Fig. 4, shows that Jz,
even with initial value of 0, flows to a Toulouse-like point
in which J∗z = 1/M . At this point, a unitary trans-
formation U = eiσ
z∑
j ϕj(0)/(2M) eliminates the Jz term
from the action, similar to the analysis of Ref. [37]. Af-
ter performing the transformation, the hopping operator,
5Eq. (13), becomes
S∗T = J⊥
M∑
j=1
e
i
√
2~ϕ·~R(j)‖ σ− + H.c., (15)
where the vectors ~R
(1)
‖ , ..., ~R
(M)
‖ are all orthogonal to
Rˆ⊥ = 1√M (1, 1, 1..) and have the length |R‖| =√
1− 1/M |R0|. Importantly, the total charge field ϕc =
~ϕ · Rˆ⊥ which corresponds to the motion of the Brown-
ian particle along the Rˆ⊥ direction, disappears from S∗T .
As a result, the motion along Rˆ⊥ is decoupled from the
motion in the perpendicular direction, which is spanned
by the remaining M − 1 linearly independent vectors ap-
pearing in S∗T . Therefore, independent of the bare cou-
pling constant Jz, the system flows to the Toulouse limit
with an action S0 + S
∗
T that is equivalent to QBM on a
(M − 1)-dimensional honeycomb lattice.
The hopping between deep potential minima of the
honeycomb lattice has a scaling dimension given by |R‖|2,
which is smaller than 1 for all M , and thus is a relevant
operator. As a result, the hopping amplitude J⊥ grows,
or equivalently the periodic potential weakens in the RG
process. Next, we consider the limit of vanishing peri-
odic potential, or QBM in free space. We analyze its
stability against applying a periodic potential with the
same periodicity as the original honeycomb lattice [37].
Such a potential can be decomposed into Fourier com-
ponents: U(~r) =
∑
~G v~Ge
i ~G·~r, where ~G is the reciprocal
lattice vector defined by ~G · ~R = integer for any Bravais
lattice vector ~R of the honeycomb lattice. The scaling
dimension of the v~G component of the perturbation is
given by |~G|2 (see Appendix). The shortest reciprocal-
lattice vector ~G0 is of length
√
2(1− 1/M). Therefore,
the periodic potential U(~r) is marginal for M = 2, and
irrelevant for M > 2. As argued by Yi and Kane [37],
the contrasting stability in the limit of strong and weak
potential U(~r) implies that the periodic potential flows
to zero in the RG process, leading to QBM in free space
as the infrared fixed point.
We now turn to Majorana islands detuned away from
the charge-degeneracy point and/or having unequal cou-
pling to the leads. In the QBM formulation, the deviation
from ∆gσ
z = 0 makes the two sublattices of the honey-
comb lattice inequivalent. Unequal tunnel couplings de-
scribed by
∑
j δje
iϕj(0)σ−+H.c.make the honeycomb lat-
tice spatially anisotropic. Both perturbations correspond
to deformations of the honeycomb lattice that lower its
crystal symmetry but does not alter its periodicity. As
such, they are irrelevant at the free QBM fixed point as
shown by our stability analysis. We thus conclude that
the strong-coupling limit of Majorana islands connected
with M > 2 noninteracting electron leads is a non-Fermi
liquid fixed point that maps to QBM in free space and
is stable against asymmetric coupling to leads and gate
voltage detuning away from the charge-degeneracy point.
Universal conductance and low-temperature correc-
tions. The isotropy of QBM in free space implies that at
the infrared fixed point, all off-diagonal components of
the multi-terminal conductance matrix are equal: Gij =
G0 for i 6= j. Current conservation then implies that
Gii = −
∑
j 6=iGij = −(M − 1)G0. To determine G0,
let us consider the following setup: we apply a voltage
V1 = V/2 on the first lead, V2 = −V/2 on the second
lead, and Vj = 0 for all other leads. By definition, the
resulting current is
I2 =
M∑
j=1
G2jVj = MG0V/2 = −I1, (16)
while Ij = 0 in all other leads. Finding the current I1,2
for this particular voltage setup will then yield G0, thus
the entire matrix Gij . The voltage Vj couples to the
charges on lead nj , and hence corresponds to adding a lin-
ear potential to the coordinate of the Brownian particle
rj . The uniform force field in the direction (1,−1, 0...0)
and the coupling to the dissipative bath, give rise to
a nonzero steady-state velocity in this direction. Since
QBM in free space is spatially isotropic and direction
independent, the steady-state velocity is independent of
spatial dimensionality M −1, and hence so is the current
I1,2. For M = 2 it was shown [4] that a Majorana island
with equal tunnel couplings to two leads maps to resonant
electron tunneling, for which I2 = −I1 = e2h V . There-
fore, equating the known result for M = 2 and Eq. (16)
we obtain G0 =
2e2
Mh for all M , yielding the universal
multi-terminal conductance in Eq. (1). It is interesting
to note that in the limit M → ∞, the conductance Gii
which determines the total current through the island
approaches 2e2/h, which is identical to the conductance
from resonant Andreev reflection from a single Majorana
mode in a grounded superconductor. This is consistent
with the expectation that coupling the island to a large
number of leads makes it effectively grounded.
At finite but low temperature, corrections to the con-
ductance are governed by the leading irrelevant operator
at the infrared fixed point. In the QBM formulation, this
operator corresponds to adding a weak honeycomb po-
tential, which has the scaling dimension ∆M =
2(M−1)
M .
This gives rise to a universal power-law correction to the
conductance at low temperature,
Gi 6=j =
e2
h
[
2
M
− c
(
T
T ∗
)2∆M−2]
, (17)
where c is a constant of order 1. The temperature T ∗
depends strongly on the gate voltage: near the charge-
degeneracy point T ∗ ∼ Γ is significantly higher than
in the Kondo regime ∼ e−Ec/Γ. Consequently, coher-
ence effects become important at higher temperatures
for ∆g ≈ 0, and the conductance approaches its zero-
temperature universal value faster (see Fig. 2).
Kondo regime– When the gate voltage is tuned to the
Coulomb valley (∆g  T,Γ), the charge on the island
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FIG. 5: Phase diagrams and RG flows for a Majorana island
connected to M electron leads, in the Kondo regime (a) and
near the charge-degeneracy point (b), as a function of the
Luttinger parameter g characterizing the strength of interac-
tion in the leads (g = 1 for noninteracting leads). In both (a)
and (b), stable (unstable) fixed points are marked by solid
(dashed) lines. The lower line corresponds to the weak cou-
pling limit of the island and the leads (t→ 0). The upper line
corresponds to the strong-coupling limit that maps to quan-
tum Brownian motion in a weak periodic potential (v → 0).
In the Kondo regime, the weak coupling limit is stable for ar-
bitrarily weak repulsive interactions g < 1. In contrast, near
the charge-degeneracy point this limit is unstable: it flows to
the strong-coupling fixed point for M
2(M−1) < g < 1, and to a
stable intermediate fixed point for M−1
2M
< g < M
2(M−1) . These
flow diagrams are generalizations of the result of Ref. [37] for
M = 3 to all M .
is fixed to an integer N0. As a result, electrons can no
longer hop into or out of the island. Instead, virtual
tunneling processes give rise to an effective exchange in-
teraction that transfers charge between the leads while
switching the state of Majoranas within a fermion parity
sector given by N0 mod 2. This Kondo-type interaction
HK can also be derived from our model, Eq. (5), via
second-order perturbation theory in ti, which yields [23]
HK =
M∑
i 6=j
λij(ψ
†
iψj − ψ†jψi)Oij , (18)
where Oij = γiγj are SO(M) generators satisfying
the Clifford algebra, and the Kondo coupling is λij ∝
titj/∆g.
As shown by Be´ri [25], this Kondo problem of bosonic
nature directly maps to QBM on a triangular lattice.
This mapping can also be understood in our formula-
tion: a large ∆g adds a strong sublattice potential to
the corrugated honeycomb lattice, so that the Brownian
particle hops between sites on the low-energy sublattice
via virtual transitions through the high-energy sublat-
tice. Importantly, the hopping operatorHK in the Kondo
regime is marginally relevant and sets the length of the
triangular lattice vector to be |~R| = 1. Analysis of Ma-
jorana islands in the Kondo regime [25] reveals that for
noninteracting leads the strong-coupling fixed point also
maps to QBM in free space, which is the same as the
fixed point we found in the vicinity of ∆g = 0 (see also
Appendix). Thus, we conclude that despite having sig-
nificantly different conductance in the high-temperature
Coulomb peak and Coulomb valley regime, the system
exhibits the universal conductance Eq. (1) at T = 0, in-
dependent of the gate voltage. Our result generalizes
Ref.[25] where the T = 0 conductance was found in the
Kondo regime. However, as we show below, the Coulomb
peak and Coulomb valley regime of a Majorana island
flow to different infrared fixed points for repulsive inter-
actions in the leads.
Interacting leads– The QBM formulation provides a
unified framework for analyzing Majorana islands both
in the vicinity of the charge-degeneracy point and in
the Kondo regime. Although up to here we have con-
sidered noninteracting electron leads, the generalization
to the interacting case is straightforward. To study in-
teraction effects, we only need to identify the change in
the lengths of the direct and reciprocal lattice vectors,
given by |R0| → |R0|/√g and |G| → √g|G| , where g is
the Luttinger parameter [37]. Therefore, in the Kondo
regime (|~R| = 1/√g), arbitrarily weak repulsive inter-
actions g < 1 make HK irrelevant, so that the limit of
decoupled Majorana island and leads is stable against
weak tunnel couplings. As the couplings λi,j increase
above a critical value, the system undergoes a quantum
phase transition [24, 25] into the strong-coupling fixed
point (see Fig. 5).
In contrast, near the charge-degeneracy point, elec-
tron tunneling into the Majorana island ST remains
a relevant operator over a finite range of interaction
strengths. Since |~R||| =
√
(M − 1)/(2Mg) and |~G| =√
2g(M − 1)/M , we obtain that for g > M2(M−1) , the sys-
tem flows from the unstable weak-tunneling to the stable
strong-coupling fixed point. For stronger repulsive inter-
actions M−12M < g <
M
2(M−1) a stable fixed point occurs at
intermediate coupling strengths (see Fig. 5).
To conclude, our work predicts a set of remarkable
transport phenomena in multi-terminal Majorana islands
in the vicinity of the charge-degeneracy point, includ-
ing a universal fractional quantum conductance at zero
temperature, and its universal power-law correction at
low temperature. Observation of such phenomena will
clearly demonstrate the Majorana nature of zero modes
in a superconductor island, defined by the operator al-
gebra Eq. (4) and acting as a charge-neutral Fermi-Bose
7transformer.
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Appendix A: Detailed study of the phase diagram
In the main text we described the mapping of Majo-
rana islands coupled toM leads onto a QBM model. Here
we elaborate on the various steps of the derivation and
the analysis of the phase digram (Fig. 5). We start with
bosonization of the leads and integration of all degrees of
freedom away from x = 0. The resulting effective action
describes a particle subject to a periodic potential, and
coupled to a dissipative bath. Within this QBM model
we calculate the scaling dimensions of various allowed
perturbations, and study the weak- and strong-tunneling
limits near the charge-degeneracy point and in the Kondo
regime.
1. Bosonization
We start the bosonization procedure by mapping the
model system described above onto a spin chain. For this
purpose, we describe the leads as chains of fermions
Hlead = J
M∑
j=1
∞∑
m=1
c†j,mcj−1,m + H.c., (A1)
where the lattice constant is set to unity and the hopping
parameter J is fixed to reproduce the density of states
in the leads ρ = (4piJ )−1. The creation (annihilation)
operator at the boundary site m = 0 is identified with
the boundary field operator ψ†j (0) = c
†
j,0 (ψj(0) = cj,0).
In general, the standard Jordan-Wigner transformation
that maps one-dimensional fermions onto a spin chain
fails for a system of M > 2 semi-infinite wires joined
at a single point. When the one-dimensional wires are
coupled to the Majorana island, we can define commuting
spin operators as a product of electron operators in the
leads and the corresponding Majorana mode operators:
S+j,m = c
†
j,mγj . (A2)
Correspondingly, the Hamilton can be expressed in terms
of M xy-spin chains, all connected at the origin to the
spin operator of the island:
H =
M∑
j=1
[
J
∞∑
m=1
S+j,mS
−
j,m+1 + tjS
+
j,1σ
− + H.c.
]
+ ∆gσ
z.
(A3)
In this description of the system, the Majorana operators
disappear from the Hamiltonian, manifesting the Bose
statistics of the charge carriers in the leads.
Next we express the spin operators in each chain in
terms of left (ϕL) and right (ϕR) moving chiral modes
S+j (x) ∼ eikF xeiϕ
R
j (x) + e−ikF xeiϕ
L
j (x), where 0 ≤ x <∞.
However, we find it more convenient to describe each lead
as an infinite chain −∞ < x < ∞, and express the spin
operators in term of a single chiral mode:
S+j (x) ∼ eikF xeiϕj(x), (A4)
where ϕj(x) = ϕ
L
j (x)θ(x) + ϕ
R
j (−x)θ(−x). The
chiral operators obey the commutation relations
[ϕi(x), ∂xϕj(x
′)] = 2piiδ(x−x′)δij , and the conjugate op-
erators can be identified as the electron density operators
ρj(x) =
1
2pi∂xϕj(x). This is because e
iϕj(x) changes the
total charge by 1, and similarly e2piiρj(x) shifts the phase
by 2pi. The imaginary-time action of the leads, corre-
sponding to the first term in Eq. (A3), can be written in
terms of the phase fields ϕj(x, τ) as
Sleads = (A5)
− 1
4pi
M∑
j=1
∫ β
0
dτ
∫
dx [ϕj(x, τ)∂x(v∂x − i∂τ )ϕj(x, τ)] .
Here, β = T−1 is the inverse temperature, and v is the
Fermi velocity.
The scaling dimension of the spin operators ∆s is ob-
tained from the zero-temperature correlation function of
the field ϕj(x, τ) as
〈S−j (x, τ)S+j (0, 0)〉 = 〈e−iϕj(x,τ)eiϕj(0,0)〉 (A6)
= e−
1
2 〈[ϕj(x,τ)−ϕj(0,0)]2〉 ∝ (x− ivτ)−2∆s .
From the action Eq. (A5), we get that
〈[ϕj(x, τ)− ϕj(0, 0)]2〉 = 2 log (x− iτ) + const, (A7)
and ∆s =
1
2 .
Up to here, we considered free electrons in the leads.
To generalize the derivation to interacting leads, we in-
troduce the Luttinger parameter g into the action:
Sleads = (A8)
− g
4pi
M∑
j=1
∫ β
0
dτ
∫
dx [ϕj(x, τ)∂x(v∂x − i∂τ )ϕj(x, τ)] .
Here g < 1 (g > 1) corresponds to repulsive (attrac-
tive) interactions. Consequently, the zero-temperature
correlation function
〈[ϕj(x, τ)− ϕj(0, 0)]2〉 = 2
g
log (x− iτ) + const, (A9)
and the scaling dimension of the spin operators is ∆s =
1
2g . Furthermore, the definition of the conjugate fields is
8also g-dependent, [ϕj(x
′), ∂xϕi(x)] = 2pig−1iδ(x− x′)δij ,
and the density operator becomes ρj(x) =
g
2pi∂xϕj(x).
In the derivation of the action given by Eq. (A8) as well
as of the properties of ϕ(x, τ) we followed Ref. [41]. An al-
ternative approach would be to perform the bosonization
with the non-chiral operators φ and θ (see for example
Ref. [42]) and use the relations:
φj(x) =
ϕRj (x) + ϕ
L
j (x)√
2
; (A10)
θj(x) =
ϕRj (x)− ϕLj (x)√
2
.
Here ϕLj (ϕ
R
j ) is the left (right) chiral operator. The left-
and right-chiral fields are connected through the trans-
formation x→ −x.
finally, we turn to the coupling term between the leads
and the Majorana island, second term in Eq. (A3). Using
the expressions for the spin lowering and raising opera-
tors in terms of the chiral fields, the tunneling Hamilto-
nian becomes
HT =
M∑
j=1
tje
iϕj(0)σ− + H.c.. (A11)
2. Boundary Action
The next step in the mapping onto QBM is to integrate
out the degrees of freedom away from x = 0. For this
purpose, we use the Fourier decomposition of the fields:
ϕj(x, τ) = β
−1∑
n
∫
dk
2pi
ei(kx+ωnτ)ϕj(k, ωn), (A12)
and the corresponding action:
S =
g
4piβ
∑
j,n
∫
dk
2pi
k (vk − iωn) |ϕj(k, ωn)|2. (A13)
Here, ωn = 2pinβ
−1 are the Matsubara frequencies. The
field at the boundary (x = 0) is obtained by integrating
over momentum
ϕj(ωn) =
∫
dk
2pi
ϕj(k, ωn). (A14)
To find the boundary action S = 12
∑
j,nG
−1
jj (ωn)
×|ϕj(ωn)|2, we have to calculate the correlation function
Gjj = 〈ϕj(ωn)ϕj(−ωn)〉:
Gjj(ωn) =
β
g
∫
dk
k (vk − iωn) =
piβ
g|ωn| . (A15)
The action for the boundary field:
S =
g
2piβ
∑
n,j
|ωn||ϕj(ωn)|2 (A16)
coincides with the expression given in Eq. (12) when g =
1 and β →∞. Eq. (A16) describes a particle subject to a
classical friction term [43] (Ohmic dissipation). Thus, the
particle exhibits Brownian motion in an M -dimensional
space, where the field ϕj is its momentum along the j-
axis.
In the QBM framework, tunneling between the leads
and the Majorana island is encoded in terms of the form
ei
√
2~ϕ(0)·~R. Therefore, to analyze the phase diagram it is
important to find the scaling dimension of such terms.
Setting x = 0 in Eq. (A6), we find the scaling dimensions
of ei
√
2~ϕ(0)·~R to be
∆
[
ei
√
2~ϕ(0)·~R
]
=
|~R|2
g
. (A17)
This expression is needed for the analysis of the RG flow
for the QBM in the weak-tunneling (strong periodic po-
tential) regime.
For the strong-tunneling limit, we need to find the
scaling dimensions of terms of the form ei~r·~G that shift√
2ϕj(0) by 2piGj . Previously, we saw that a shift of
the phase in an infinite lead is generated by the density
operator ρj(x). On the boundary, we note that the op-
erator rj =
√
2pi lim→0
∫ 
− dxρj(x) satisfies the desired
commutation relations:
[
√
2ϕi(0), rj ] = 2pi lim
→0
∫ 
−
dx[ϕi(0), ρj(x)] = 2piiδi,j .
(A18)
The definition of the density operator, allows us to
rewrite this operator in terms of the phase ϕ(x) as rj =
g√
2
lim→0 [ϕj()− ϕj(−)]. We note that in the strong-
tunneling limit, ϕj(0) has a finite expectation value, and
correspondingly lim→0 [ϕj() + ϕj(−)] = const (for for-
mulation of the boundary condition in terms of the non-
chiral operators see Ref. [38]). This property reflects the
fact that each electron that comes from x =∞ is trans-
ferred to the Majorana island. As a result,
rj =
√
2g lim
→0
ϕj() =
√
2gϕj(0) + const, (A19)
we find that scaling dimension of ei~r·~G is
∆
[
ei~r·~G
]
= g|~G|2. (A20)
3. RG flow diagram near the charge-degeneracy
point
The bosonized description of a Majorana island cou-
pled to M leads given in Eq. (A8) and the corresponding
boundary action in Eq. (A16) allow us to analyze the
phase diagram of the system. To follow the derivation in
the main text, we assume equal coupling constants to all
leads and that the gate voltage is tuned to the charge-
degeneracy point, ∆g = 0. The starting point of the
9calculation is the full Hamiltonian before integrating out
fluctuations away from x = 0:
H =
M∑
j=1
∫
dx
{ vg
4pi
(∂xϕj(x))
2 +
v
2
Jzσ
z∂xϕj(x)δ(x)
+J⊥
(
eiϕj(x)σ− + H.c.
)
δ(x)
}
. (A21)
Although the bare Hamiltonian does not include the Jz
term, such a term is generated in the RG process. In
the previous sections we showed that the scaling dimen-
sion of the (bare) tunneling operator is 12g , however, it
is expected to change in the RG process. To find the
renormalized scaling dimension of the tunneling term, we
rewrite the above Hamiltonian in the following form:
H =
M∑
j=1
∫
dx
{ vg
4pi
(
∂xϕj(x) + pig
−1Jzσzδ(x)
)2
+J⊥
(
eiϕj(x)σ− + H.c.
)
δ(x)
}
. (A22)
The Jz-term can be eliminated from the Hamiltonian by
the unitary transformation:
U = e
i
2Jzσz
∑
j ϕj . (A23)
Under this transformation U†σ−U = σ− exp[iJz
∑
j ϕj ],
and the Hamiltonian becomes:
H˜ = U†HU =
M∑
j=1
∫
dx
{ vg
4pi
(∂xϕj(x))
2 (A24)
+J⊥
(
eiϕj(x)−iJz
∑
` ϕ`(x)σ− + H.c.
)
δ(x)
}
.
Specifically, for Jz = 1/M the center-of-mass boson field∑
j ϕj drops out from the tunneling term. Since the flow
of Jz stops at 1/M , the system reaches a new (Toulouse-
like) fixed point.
At the fixed point, we integrate out the degrees of free-
dom away from x = 0, and write the boundary action as:
S˜ = β−1
∑
n,j
{
g|ωn|
2pi
|ϕj(ωn)|2+J⊥
(
e
i
√
2 ~ϕj(ωn)·~R(j)‖ + H.c.
)}
,
(A25)
where (Rj‖)i =
1√
2
[
δij − 1M
]
is the i-th component of
the vector ~Rj‖. Thus, in the Toulouse-like fixed point
the action describes QBM of a particle that is subject
to a periodic potential in an M − 1 dimensional space
spanned by ~Rj‖. From Eq. (A17) we find that the scaling
dimension of the tunneling term is given by
∆
[
e
i
√
2 ~ϕj(0)·~R(j)‖
]
=
1
2g
(
1− 1
M
)
. (A26)
For free electrons in the leads (g = 1), the scaling di-
mension of the tunneling term is relevant. Therefore, the
weak-tunneling regime is unstable, and J⊥ flows to infin-
ity. At this fixed point the lattice potential vanishes, and
the particle can move freely, i.e., charge strongly fluctu-
ates between the leads. Correspondingly, the potential
for ~ϕ is maximal and the field is locked to one of its min-
ima.
To analyze the stability of this new fixed point we note
that the symmetry allowed perturbations are of the form
ei~r·~G, (A27)
where ~G is a reciprocal vector of the lattice spanned by
~R‖. This kind of terms restore the lattice potential that
vanished in the RG flow. Equivalently, such terms de-
scribe tunneling between minima of the potential for ~ϕ,
and they tend to decouple the leads from the Majorana
island, i.e., to pin the charge. The scaling dimension
of the perturbation in Eq. (A27) was calculated in the
previous section (see Eq. (A21)). To find the recipro-
cal lattice vector, we use the relation ~G · ~R = integer
for any Bravais lattice vector ~R. For the M − 1 di-
mensional lattice defined by ~R‖, the Bravais vectors are(R(i,j))
`
= 1√
2
(δi,` − δj,`). Correspondingly, the short-
est reciprocal lattice vectors are:
(
G(j)
)
i
=
√
2
(
δi,j − 1
M
)
, (A28)
and the scaling dimension of the tunneling operator on
the reciprocal lattice is
∆
[
ei~r·~G
]
= 2g
(
1− 1
M
)
. (A29)
Therefore, the leading perturbation is irrelevant for free
leads.
For interacting leads, the tunneling term in Eq. (A26)
is relevant for g > M−12M , and the periodic potential term
in Eq. (A29) is relevant for g < M2(M−1) . Therefore, for
g > M2(M−1) the system flows to the strong-tunneling
(vanishing potential) fixed point, while the strong po-
tential (decoupled leads and island) fixed point is stable
for g < M−12M . As shown in Fig. 5, a stable intermediate
fixed point appears for M−12M < g <
M
2(M−1) .
4. RG flow diagram in the Kondo regime
When the gate voltage is tuned far from ∆g = 0,
charge fluctuations in the island are gapped. As a re-
sult, electrons can only hop between the leads via virtual
transitions through the island, and the effective action
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becomes:
H =
∫
dx
 vg4pi
M∑
j=1
(∂xϕj(x))
2 (A30)
+λ
∑
i 6=j
(
ei(ϕi(x)−ϕj(x)) + H.c.
)
δ(x)
 ,
Where λ = |t|
2
∆g
. Here, no new terms are generated in the
RG process, and the center-of-mass boson
∑
j ϕj does
not appear in the tunneling term. Therefore to obtain
the flow diagram in the Kondo regime, we follow the
steps introduced in the previous section after eliminating
the Jz term (starting at Eq (A25)). The boundary action
can be written as
HK = λ
∑
i 6=j
(
ei
√
2~Rij ·~ϕ(0) + H.c.
)
, (A31)
where
(
Rij
)
`
= 1√
2
(δi,` − δj,`). From Eq. (A17), we find
that the scaling dimension of the tunneling operator is
1
g . As a result, the tunneling term is marginally relevant
for free leads and the system flows to the weak-potential
limit. In the presence of arbitrarily weak repulsive in-
teractions, the tunneling term is irrelevant [24] and, for
not too strong bare tunnel couplings, the leads decouple
from the island.
Interestingly, ~Rij in the Kondo limit are the Bra-
vais vectors of the lattice near the charge-degeneracy
point (see discussion below Eq. (A27)). Near the charge-
degeneracy point, however, the lattice is defined by a ba-
sis vector in additional to the Bravais vectors. This point
is illustrated in Fig. 4 where the QBM near ∆g = 0 is on a
honeycomb lattice, while in the Kondo regime, the QBM
is confined to a plane of constant total charge, and the
periodic potential is triangular. As a result, the recipro-
cal lattice vectors in both cases are identical, and so is the
scaling dimension of the leading operator in the strong-
tunneling limit, Eq. (A29). We conclude that for nonin-
teracting leads, the strong-tunneling fixed points are the
same in the vicinity and far from ∆g = 0. However, only
near the charge-degeneracy point the fixed point remains
stable in the presence of weak repulsive interactions.
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